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Abstract Given a continuum X and a positive integer n, FnðXÞ denotes the hyperspace of non-empty subsets
of X with at most n elements, endowed with the Hausdorff metric. In this article, given X a simple m-od, we
prove that Fn�1ðXÞ is a ð6nþ 1Þ - Lipschitz retract of FnðXÞ for every n� 2, and that Fn�1ðXÞ is a 4-
Lipschitz retract of FnðXÞ for X a tree and n ¼ 2; 3.

Keywords Symmetric products � Retractions � Lipschitz maps � Trees and m-ods

Mathematics Subject Classification 54B20 � 54C15 � 54E40

1 Introduction

A continuum is a non degenerated compact connected metric space. Given n 2 N, the n-fold symmetric
product of a continuum X, FnðXÞ, is defined as the space of non-empty subsets of cardinality at most n,
endowed with the Hausdorff metric. The symmetric products were introduced by K. Borsuk and S. Ulam in
[4].

A map f : ðX; dXÞ ! ðY ; dYÞ is called Lipschitz if there is a real number L[ 0, such that
dYðf ðaÞ; f ðbÞÞ� LdXða; bÞ. A subset Y of a continuum X is a Lipschitz retract of X if there exists a Lipschitz
map r : X ! Y that fixes Y pointwise. Notice that F1ðXÞ � F2ðXÞ � F3ðXÞ � � � �. L. V. Kovalev proposed
the following interesting problem in [7, Problem 4.1, p. 806]:

Problem 1 Characterize the metric spaces X such that FkðXÞ is a Lipschitz retract of FnðXÞ whenever
k\n.

In general there are no retractions r : FnðXÞ ! FkðXÞ (with 1� k\n), for example if X is the circle S1 it is

known that F2ðXÞ is homeomorphic to the Möbius band, see [2, p. 887], where F1ðS1Þ could be identified

with its border, also R. Bott in [5] proved that F3ðXÞ is homeomorphic to the 3-sphere, S3. However, F1ðS1Þ
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is embedded in the form of a trefoil knot in F3ðS1Þ as shown by J. Mostovoy in [10]. In a positive way, L. V.
Kovalev in [7, Lemma 4.2, p. 806] showed that for any connected and non-empty subset X of the real line,
there exists r : FnðXÞ ! FkðXÞ a Lipschitz retraction. In [3] and [6], Lipschitz retractions are studied in
symmetric products of Hadamard spaces and [8] on Hilbert spaces of finite and infinite dimensions.
Recently, in [1] Lipschitz retractions are studied in symmetric products of normed spaces, in particular E.
Akofor in [1, Theorem 3.18, p.7] proved that for a normed space X there exists a 731-Lipschitz retraction
r : F3ðXÞ ! F2ðXÞ.

In Section 3 of this article we prove that for every n� 2, Fn�1ðXÞ is a ð6nþ 1Þ-Lipschitz retract of FnðXÞ
for X a simple m-od, and in Section 4 we prove that if X is a tree then Fn�1ðXÞ is a 4-Lipschitz retract of
FnðXÞ for n ¼ 2; 3. At the end of this paper, some problems are proposed that remain open.

2 Preliminaries

Given a continuum X with metric d, a 2 X, A � X and e[ 0. Bdða; eÞ denotes the open ball of radio e with
center in a and we define

BdðA; eÞ ¼
[

a2A
Bdða; eÞ;

distða;AÞ ¼ min dða; bÞ : b 2 Af g:

Let n 2 N. We consider

FnðXÞ ¼ A � X : 1� jAj � nf g

with the Hausdorff metric given by

HðA;BÞ ¼ inf e[ 0 : A � BdðB; eÞ and B � BdðA; eÞf g
¼maxfmax

a2A
distða;BÞ;max

b2B
distðb;AÞg

for any A;B 2 FnðXÞ. A finite graph is a continuum that can be written as the union of a finite number of
arcs, which we will call edges, say e1; e2; . . .; en, such that ei intersects ej only on one or both end points, to
i; j 2 1; . . .; nf g with i 6¼ j.

A tree is a finite graph without subspaces homeomorphic to the circle S1. Given m 2 N, a simple m-od is
a tree with m edges e1; e2; . . .; em, such that ei \ ej ¼ v for any i 6¼ j and v a fixed point. Let A 2 FnðXÞ. If
jAj ¼ n, we define dðAÞ ¼ minfdða; bÞ : a; b 2 A; a 6¼ bg otherwise dðAÞ ¼ 0. The following lemma is easy
to verify.

Lemma 2 Let (X, d) be a metric space and A;B 2 FnðXÞ. If a 2 A then there is b 2 B such that
dða; bÞ�HðA;BÞ. Moreover, distða;BÞ�HðA;BÞ.
Note that the previous lemma is valid if A and B are elements of the hyperspace of closed subsets of X. The
next lemma shows that the function d : FnðXÞ ! ½0;1Þ is Lipschitz.
Lemma 3 Let (X, d) be a metric space. If A;B 2 FnðXÞ, then jdðAÞ � dðBÞj � 2HðA;BÞ
Proof To prove this lemma we consider two cases:

Case I. If dðAÞ ¼ dðBÞ, then jdðAÞ � dðBÞj ¼ 0� 2HðA;BÞ.
Case II. If dðAÞ 6¼ dðBÞ: Suppose that A ¼ a1; . . .; anf g and B ¼ b1; . . .; bnf g. Without loss of generality

we can assume that dðAÞ[ dðBÞ. Let b1 and b2 such that dðBÞ ¼ dðb1; b2Þ, in case dðBÞ ¼ 0, we consider
b1 ¼ b2. By Lemma 2 we have that there exists a1; a2 2 A such that

dðb1; a1Þ�HðA;BÞ and dðb2; a2Þ�HðA;BÞ: ð1Þ

For the other hand

dða1; a2Þ� dða1; b1Þ þ dðb1; b2Þ þ dðb2; a2Þ: ð2Þ

So, by (1) and (2) we obtain,
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dða1; a2Þ � dðb1; b2Þ� 2HðA;BÞ: ð3Þ

Similarly,

dðb1; b2Þ � dða1; a2Þ� 2HðA;BÞ: ð4Þ

Therefore by (3) and (4),

j dðAÞ � dðBÞ j � j dðb1; b2Þ � dða1; a2Þ j � 2HðA;BÞ:

The lemma is demonstrated. h

3 Simple m-ods

In this section we prove that for any simple m-od it is satisfied that its k-th symmetric product is a Lipschitz
retract of its n-th symmetric product for 1� k\n.

Let m 2 N, in this section we consider a simple m-od, X, defined in the following way

X ¼
[m

i¼1

Ti

where T1 ¼ f x1; 0; . . .; 0ð Þ 2 Rm : 0� x1 � 1g and Tk ¼ f 0; . . .; xk; . . .; 0ð Þ 2 Rm : �1� xk\0g for

k ¼ 2; . . .;m. We consider X with the given metric by dðx; yÞ ¼
Xm

i¼1

jxi � yij for any

x ¼ x1; . . .; xmð Þ; y ¼ y1; . . .; ymð Þ 2 X.
For each i ¼ 1; . . .;m, pi : R

m ! R denotes the i-th projection given by piððx1; . . .; xmÞÞ ¼ xi. Given
a; b 2 Ti we say that a� b if and only if piðaÞ� piðbÞ. Given A 2 FnðXÞ, for each i ¼ 1; . . .;m; suppose that
A \ Ti ¼ fti1; . . .; tirig with tij�1\tij for j ¼ 2; . . .; ri.

For each a 2 A we define a0 in the following way:

• If a 2 T1, then a ¼ t1j for some j 2 1; . . .; r1f g; thus

a0 ¼ t1j

� �0
¼ max 0; p1ðt1j Þ �

Xm

l¼2

rl þ j

 !
dðAÞ

( )
; 0; . . .; 0

 !
:

• If a 2 Ti for i 6¼ 1 then a ¼ tij for some j 2 1; . . .; rif g, thus

a0 ¼ tij

� �0
¼ 0; . . .;min 0; piðtijÞ þ ðn� jÞdðAÞ

n o
; . . .; 0

� �
:

Proposition 4 If a 2 T1 then a0 2 T1 and a0 � a.

Proof Since a 2 T1 then a ¼ t1j for some j 2 1; . . .; r1f g. For the first part, notice that

0� p1ða0Þ ¼ max 0;p1 t1j

� �
�

Xm

l¼2

rl þ j

 !
dðAÞ

( )
� p1ðt1j Þ ¼ p1ðaÞ� 1;

so a0 2 T1: For the second part, since 0� p1ðaÞ and

p1ðaÞ �
Xm

l¼2

rl þ j

 !
dðAÞ� p1ðaÞ;

then max 0; p1ðt1j Þ � ð
Xm

l¼2

rl þ jÞdðAÞ
( )

� p1ðaÞ. Therefore a0 � a. h

Proposition 5 If a 2 Ti for some i 2 2; . . .;mf g then a0 2 Ti [ 0
� �

and a� a0.

Proof As a 2 Ti then a ¼ tij for some j ¼ 1; . . .; ri. Thus �1� piðtijÞ\0 and since ðn� jÞdðAÞ� 0, we have

that piðtijÞ� piðtijÞ þ ðn� jÞdðAÞ and since piðtijÞ\0 we obtain

�1� piðtijÞ� pi ðtijÞ
0

� �
¼ min 0; piðtijÞ þ ðn� jÞdðAÞ

n o
� 0
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that is to say, ð0; . . .;�1; . . .; 0Þ� a� a0 � 0. Therefore a� a0 and a0 2 Ti [ 0
� �

. h

Proposition 6 If tij�1; t
i
j 2 Ti for some i 2 1; . . .;mf g and for some j 2 2; . . .; rif g, then tij�1

� �0
� tij

� �0
.

Proof We consider two cases:

• Case I. Suppose that i ¼ 1. By definition of dðAÞ we obtain

p1ðtij�1Þ þ dðAÞ� p1ðtijÞ

thus,

p1ðtij�1Þ �
Xm

l¼2

rl þ ðj� 1Þ
 !

dðAÞ ¼ p1ðtij�1Þ þ dðAÞ �
Xm

l¼2

rl þ j

 !
dðAÞ

� p1ðtijÞ �
Xm

l¼2

rl þ j

 !
dðAÞ:

Then,

p1ððtij�1Þ
0Þ ¼ max 0; p1ðtij�1Þ �

Xm

l¼2

rl þ ðj� 1Þ
 !

dðAÞ
( )

� max 0; p1ðtijÞ �
Xm

l¼2

rl þ j

 !
dðAÞ

( )
¼ p1ððtijÞ

0Þ:

Therefore ðtij�1Þ
0 � ðtijÞ

0
.

• Case II. Suppose that i 2 2; . . .;mf g. By definition of dðAÞ we have that

p1ðtij�1Þ þ dðAÞ� p1ðtijÞ;

then

p1ðtij�1Þ þ ðn� jþ 1ÞdðAÞ ¼ p1ðtij�1Þ þ dðAÞ þ ðn� jÞdðAÞ
� pðtjÞ þ ðn� jÞdðAÞ:

Therefore ðtij�1Þ
0 � ðtijÞ

0: h

Proposition 7 If c; d 2 A are such that dðAÞ ¼ dðc; dÞ, then c0 ¼ d0.

Proof We consider the following three cases:
Case I. If c; d 2 T1 then c ¼ t1j�1 and d ¼ t1j for some j 2 2; . . .; r1f g.
Since dðAÞ ¼ dðc; dÞ, we have that p1ðt1j�1Þ þ dðAÞ ¼ p1ðt1j Þ, thus

p1ðt1j�1Þ þ dðAÞ �
Xm

l¼2

rl þ j

 !
dðAÞ ¼ p1ðt1j Þ �

Xm

l¼2

rl þ j

 !
dðAÞ

as dðAÞ �
Xm

l¼2

rl þ j

 !
dðAÞ ¼ �

Xm

l¼2

rl þ ðj� 1Þ
 !

dðAÞ, we obtain

p1ðt1j�1Þ �
Xm

l¼2

rl þ ðj� 1Þ
 !

dðAÞ ¼ p1ðt1j Þ �
Xm

l¼2

rl þ j

 !
dðAÞ:

Thus
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p1ððtij�1Þ
0Þ ¼max 0; p1ðt1j�1Þ �

Xm

l¼2

rl þ ðj� 1Þ
 !

dðAÞ
( )

¼max 0; p1ðt1j Þ �
Xm

l¼2

rl þ j

 !
dðAÞ

( )
¼ p1ððtijÞ

0Þ:

Therefore c0 ¼ ðtij�1Þ
0 ¼ ðtijÞ

0 ¼ d0.
Case II. If c; d 2 Ti for some i 2 2; . . .;mf g, then c ¼ tij�1 and d ¼ tij for some j 2 2; . . .; rif g. Since

dðAÞ ¼ dðc; dÞ, we have that piðtij�1Þ þ dðAÞ ¼ piðtijÞ, then

piðtij�1Þ þ dðAÞ þ ðn� jÞdðAÞ ¼ piðtijÞ þ ðn� jÞdðAÞ:

As dðAÞ þ ðn� jÞdðAÞ ¼ ðn� jþ 1ÞdðAÞ we obtain

piðtij�1Þ þ ðn� ðj� 1ÞÞdðAÞ ¼ piðtijÞ þ ðn� jÞdðAÞ:

Thus

piððtij�1Þ
0Þ ¼max 0; p1ðtij�1Þ � ðn� ðj� 1ÞÞdðAÞ

n o

¼max 0; p1ðtijÞ � ðn� jÞdðAÞ
n o

¼ p1ððtijÞ
0Þ::

And in this case it is also concluded that c0 ¼ ðtij�1Þ
0 ¼ ðtijÞ

0 ¼ d0.
Case III. c 2 Tu, d 2 Tv with u 6¼ v and u; v 2 f1; . . .mg. We consider the following two subcases:
Subcase I. c 2 T1 or d 2 T1. Without loss of generality suppose that c 2 T1, then c ¼ t1j for some

j 2 1; . . .; r1f g. Notice that

dðAÞ ¼ dðc; dÞ ¼ dðp1ðcÞ; 0Þ þ dð0; pvðdÞÞ; ð5Þ

thus p1ðcÞ � dðAÞ� p1ðcÞ � dðp1ðcÞ; 0Þ ¼ 0.

As p1ðcÞ �
Xm

l¼2

r1l þ j

 !
dðAÞ� p1ðcÞ � dðAÞ,

then p1ðcÞ �
Xm

l¼2

r1l þ j

 !
dðAÞ� 0. Hence

max 0;p1ðcÞ �
Xm

l¼2

r1l þ j

 !
dðAÞ

( )
¼ 0:

Thus c0 ¼ 0.
Subcase II. c 2 Ti or d 2 Ti for some i 2 2; . . .;mf g. Without loss of generality suppose that d 2 Ti, thus

d ¼ tij for some j ¼ 1; . . .; ri. By (5) we have that

0 ¼ piðdÞ þ dðpiðdÞ; 0Þ
� piðdÞ þ dðpiðdÞ; 0Þ þ dð0;piðcÞÞ
¼ piðdÞ þ dðAÞ� piðdÞ þ ðn� jÞdðAÞ:
Thus,

min 0; piðdÞ þ ðn� jÞdðAÞf g ¼ 0

that is, d0 ¼ 0.
Therefore c0 ¼ d0. h

Lemma 8 If A ¼ a1; . . .; amf g 2 FnðXÞ then
max dðak; a0kÞ : k 2 1; . . .;mf g

� �
� ndðAÞ:

Proof To prove this lemma we require the following cases: Case I. If jAj\n. By definition we have that
dðAÞ ¼ 0 and ak ¼ a0k for each k 2 1; . . .;mf g. So

max dðak; a0kÞ : k 2 1; . . .;mf g
� �

¼ 0� ndðAÞ:
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Case II. If jAj ¼ n. We consider the following two subcases:

• If ak 2 T1 then ak ¼ t1j for some j 2 1; . . .; r1f g, by Proposition 4 we have that a0k � ak, and since
Xm

l¼2

rl þ j� n

dðak; a0kÞ�
���p1ðt1j Þ � p1ðt1j Þ �

Xm

l¼2

rl þ j

 !
dðAÞ

 !���

¼
���
Xm

l¼2

rl þ j

 !
dðAÞ

���

¼
Xm

l¼2

rl þ j

 !
dðAÞ

� ndðAÞ:

• If ak 2 Ti, for some i 2 2; . . .;mf g, then ak ¼ tij for some j 2 1; . . .; rj
� �

. Hence,

dðak; a0kÞ� jpiðtijÞ � piðtijÞ þ ðn� jÞdðAÞ
� �

j

¼ ðn� jÞdðAÞ
� ndðAÞ:

Thus the lemma is demonstrated. h

Now, for n� 2 we define the map r : FnðXÞ �! Fn�1ðXÞ given by:

rðAÞ ¼
fa01; . . .; a0ng if jAj ¼ n;

A if jAj\n:

8
><

>:
ð6Þ

By the propositions 4, 5, 6 and 7 we have that r is well defined. Next we will show an important property of
the map r that will be very useful in order to prove the main theorem of this section.

Lemma 9 If A ¼ a1; . . .; amf g 2 FnðXÞ then
HðA; rðAÞÞ� max dðak; a0kÞ : k 2 1; . . .;mf g

� �
:

Proof For the proof of this lemma we consider two cases: Case I. If jAj\n, by definition we have that
rðAÞ ¼ A, so

HðA; rðAÞÞ ¼ 0� max dðak; a0kÞ : k 2 1; . . .;mf g
� �

:

Case II. If jAj ¼ n.
Since

HðA; rðAÞÞ ¼ maxfmax
a2A

distða; rðAÞÞ; max
a02rðAÞ

distða0;AÞg;

it is enough to demonstrate the following two things:

i) maxa2A distða; rðAÞÞ� max dðak; a0kÞ : k 2 1; . . .;mf g
� �

, and
ii) maxa02rðAÞ distða0;AÞ� max dðak; a0kÞ : k 2 1; . . .;mf g

� �
.

To show i), given aj 2 A with j 2 1; . . .; nf g, we have that
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distðaj; rðAÞÞ ¼ min dðaj; a0iÞja0i 2 rðAÞ
� �

� dðaj; a0jÞ
� max dðak; a0kÞjk ¼ 1; . . .; n

� �
:

Similarly to prove ii), let a0j 2 rðAÞ with j 2 1; . . .; nf g, then we have that

distða0j;AÞ ¼ min dða0j; aÞja 2 A
n o

� dðaj; a0jÞ
� max dðak; a0kÞjk ¼ 1; . . .; n

� �
:

Therefore, if jAj ¼ n we obtain

HðA; rðAÞÞ� max dðak; a0kÞjk ¼ 1; . . .; n
� �

:

h

Theorem 10 Let n� 2. If X is a simple m-od then Fn�1ðXÞ is a Lipschitz retract of FnðXÞ.
Proof It suffices to prove that the retraction r given in (6) is Lipschitz, for which we consider two cases:
Case I. A ¼ B.

Clearly in this case the Lipschitz inequality is satisfied since

HðrðAÞ; rðBÞÞ ¼ 0 ¼ HðA;BÞ:

Case II. A 6¼ B.
In this case, consider the following two subcases:
Subcase I. dðAÞ� 2HðA;BÞ. By Lemma 3 we have that

dðBÞ� jdðBÞ � dðAÞj þ dðAÞ� 2HðA;BÞ þ dðAÞ
� 2HðA;BÞ þ 2HðA;BÞ ¼ 4HðA;BÞ:

Thus, also applying lemmas 8 and 9 we obtain

HðrðAÞ; rðBÞÞ�HðrðAÞ;AÞ þ HðA;BÞ þ HðB; rðBÞÞ
� ndðAÞ þ HðA;BÞ þ ndðBÞ
� 2nHðA;BÞ þ HðA;BÞ þ 4nHðA;BÞ
¼ ð6nþ 1ÞHðA;BÞ:

Subcase II. dðAÞ[ 2HðA;BÞ.
Under these circumstances notice that dðBÞ[ 0, otherwise by Lemma 3 we have that

dðAÞ ¼ jdðAÞ � dðBÞj � 2HðA;BÞ, which is a contradiction. From the above jAj ¼ n ¼ jBj. Thus, we
suppose that A ¼ a1; . . .; anf g, B ¼ b1; . . .; bnf g and let e ¼ HðA;BÞ.

Claim a) B \ BeðakÞ 6¼ ;, for each k 2 1; . . .; nf g. Indeed, by Lemma 2 we have that there exists b 2 B
such that dðak; bÞ�HðA;BÞ and thus b 2 B \ BeðakÞ.

Claim b) Given j; k 2 1; . . .; nf g with k 6¼ j, BeðakÞ \ BeðajÞ ¼ ;. Indeed, if p 2 BeðakÞ \ BeðajÞ, then
dðak; pÞ�HðA;BÞ and dðaj; pÞ�HðA;BÞ and so we have that 2HðA;BÞ\dðAÞ� dðak; ajÞ�
dðak; pÞ þ dðp; ajÞ� 2HðA;BÞ, which is not possible. By claims a) and b) for each k 2 1; . . .; nf g, there is
a unique s(k) such that bsðkÞ 2 BeðakÞ. Also ak and bsðkÞ satisfy the following claim.

Claim c) dða0k; b0sðkÞÞ � ð2nþ 1ÞHðA;BÞ: For the proof of this claim we consider the following four cases:
Case i) ak 2 Ti for some i 2 2; . . .;mf g and bsðkÞ 2 T1. By propositions 4 and 5 we have that ak � a0k and

b0sðkÞ � bsðkÞ, so dða0k; b0sðkÞÞ � dðak; bsðkÞÞ and since bsðkÞ 2 BeðakÞ, then

dða0k; b0sðkÞÞ � dðak; bsðkÞÞ �HðA;BÞ\ð2nþ 1ÞHðA;BÞ:

Case ii) ak; bsðkÞ 2 Ti for some i 2 2; . . .;mf g.
In this case we have that ak ¼ tij and bsðkÞ ¼ sij. Let p ¼ piðtijÞ þ ðn� jÞdðAÞ and q ¼ piðsijÞ þ ðn� jÞdðBÞ.

Thus, piða0kÞ ¼ min 0; pf g ¼ p�jpj
2

and piðb0sðkÞÞ ¼ min 0; qf g ¼ q�jqj
2

: Then,
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dða0k; b0sðkÞÞ ¼
���
ðp� jpjÞ � ðq� jqjÞ

2

���;

so,

2dða0k; b0sðkÞÞ ¼
���ðp� qÞ þ ðjqj � jpjÞ

���� jp� qj þ jjqj � jpjj:

Since jjqj � jpjj � jp� qj, we have 2dða0k; b0sðkÞÞ � 2jp� qj. So, by Lema 3 we have that

dða0k; b0sðkÞÞ � jpiðtijÞ þ ðn� jÞdðAÞ � ðpiðsijÞ þ ðn� jÞdðBÞÞj
� jpiðtijÞ � ðpiðsijÞj þ ðn� jÞjdðAÞ � dðBÞj
�HðA;BÞ þ 2nHðA;BÞ
¼ ð2nþ 1ÞHðA;BÞ:

Case iii) ak; bsðkÞ 2 T1.
In this case we have that ak ¼ t1j and bsðkÞ ¼ s1j .

Let p ¼ p1ðt1j Þ �
Xm

l¼2

rl þ j

 !
dðAÞ and q ¼ p1ðs1j Þ �

Xm

l¼2

rl þ j

 !
dðBÞ.

Hence, piða0kÞ ¼ max 0; pf g ¼ pþjpj
2

and piðb0sðkÞÞ ¼ max 0; qf g ¼ qþjqj
2

:

Continuing as in Case ii) we obtain dða0k; b0sðkÞÞ � ð2nþ 1ÞHðA;BÞ:
Case iv) ak 2 Tu and bsðkÞ 2 Tv with u; v 2 2; . . .;mf g and u 6¼ v. By Proposition 4 we have that ak � a0k

and bsðkÞ � b0sðkÞ, thus

dða0k; b0sðkÞÞ � dðak; bsðkÞÞ �HðA;BÞ\ð2nþ 1ÞHðA;BÞ:

This concludes the proof of Claim c).
Now remember that

HðrðAÞ; rðBÞÞ ¼ max max
a02rðAÞ

distða0; rðBÞÞ; max
b02rðBÞ

distðb0; rðAÞÞ
� �

:

Without loss of generality, suppose that

HðrðAÞ; rðBÞÞ ¼ max
a02rðAÞ

distða0; rðBÞÞ:

Then for some j 2 1; . . .; nf g,
HðrðAÞ; rðBÞÞ ¼ distða0j; rðBÞÞ

� dða0j; b0sðjÞÞ
� max

k
dða0k; b0sðkÞÞ

� ð2nþ 1ÞHðA;BÞ
\ð6nþ 1ÞHðA;BÞ:

Therefore in any case we have that

HðrðAÞ; rðBÞÞ� ð6nþ 1ÞHðA;BÞ:

That is, r is ð6nþ 1Þ� Lipschitz. h

By [9, Proposición 2.1.3, p. 10] we have the following corollary

Corollary 11 Let n� 2. If X is a simple m-od, then for all 1� k\n, FkðXÞ is a L-Lipschitz retract of
FnðXÞ, where L ¼ ð6nþ 1Þð6ðn� 1Þ þ 1Þ � � � ð6ðk þ 1ÞÞ þ 1Þ.
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4 Trees

Let X be a tree, let’s assume that the metric d in X is the arc length metric. Also, suppose that each edge ei of

X has length one. Given a; b 2 X, ab
	!

denotes the arc that goes from a to b. Given 0� k\dða; bÞ, we define
abk as the only point in the arc ab

	!
such that dða; abkÞ ¼ k and we define the midpoint of a; bf g, denoted by

PMð a; bf gÞ, as the only point in the arc ab
	!

such that dða;PMð a; bf gÞÞ ¼ dðPMð a; bf gÞ; bÞ.
Remark 12 Let a; b; c 2 X. Then c 2 ab

	!
if and only if dða; bÞ ¼ dða; cÞ þ dðc; bÞ.

Proposition 13 Let a; b; v 2 X and 0� k� dðb; vÞ. If b 2 av! then dðavk; bvkÞ ¼ dða; bÞ.
Proof We consider two cases:

Case I. b 2 avkv
	!

. By Remark 12 dðavk; bvkÞ ¼ dðavk; bÞ þ dðb; bvkÞ ¼ dða; bÞ � kþ k ¼ dða; bÞ:
Case II. avk 2 bbvk

	!
: Since dða; bvkÞ ¼ dða; bÞ þ k, then dðavk; bvkÞ ¼ dða; bvkÞ � dða; avkÞ ¼ dða; bvkÞ � k

¼ dða; bÞ: h

Proposition 14 Let a; b; v 2 X, 0� k� dða; vÞ and 0� j� dðb; vÞ. If b 2 av!, then
dðavk; bvjÞ� dða; bÞ þ jk� jj:
Proof Notice that if k ¼ j, then Proposition 13 give the equality. Now if k 6¼ j, let’s consider the
following two cases:

Case I. b 2 avkv
	!

.
By Remark 12, dðavk; bvjÞ ¼ dðavk; bÞ þ dðb; bbjÞ ¼ dða; bÞ � kþ j� dða; bÞ þ jk� jj:
Case II. avk 2 bv

!
:

i) If avk 2 bvjv
	!

, then dðavk; bvjÞ ¼ dðavk; aÞ � dða; bÞ � dðb; bjÞ ¼ �dða; bÞ þ k� j� dða; bÞ þ jk� jj:
ii) If bvj 2 avkv

	!
, then dðavk; bvjÞ ¼ dða; bvjÞ � dða; avkÞ ¼ dða; bÞ þ dðb; bvjÞ � dða; avkÞ� dða; bÞ þ jk� jj:

h

Proposition 15 Let a; b; v 2 X, 0� k� dða; vÞ and 0� j� dðb; vÞ. If v 2 ab
	!

, then dðavk; bvjÞ� dða; bÞ:
Proof By Remark 12 dða; bÞ ¼ dða; avkÞ þ dðavk; bvjÞ þ dðbvj; bÞ ¼ kþ dðavk; bvjÞ þ j. So
dðavk; bvjÞ ¼ dða; bÞ � ðkþ jÞ� dða; bÞ: h

Proposition 16 Let a; b; v 2 X, 0� k� min dða; vÞ; dðb; vÞf g. If a 62 bv
!

and b 62 av!, then
dðavk; bvkÞ� dða; bÞ:
Proof Note that if k ¼ 0 then the equality follows. Suppose that k[ 0, let z 2 av!\ bv

!
such that if

w 2 av!\ bv
!

then wv	! � zv!. We consider the following three cases:
Case I. avk 2 bv

!
and bvk 2 av!.

Without loss of generality, suppose that dða; zÞ� dðb; zÞ. Let a0 2 bv
!

such that avk ¼ a0vk. Note that
dða0; bÞ\dða; bÞ, thus by Proposition 13 dðavk; bvkÞ ¼ dða0; vÞ\dða; bÞ:

Case II. avk 2 bv
!

and bvk 62 av!.
The justification in this case is analogous to the one in Case I.
Case III. avk 62 bv

!
and bvk 62 av!.

In this case, note that avk ¼ azk and bvk ¼ bzk, so by Proposition 15, dðavk; bvkÞ� dða; bÞ: h

The proof of the cases that are considered in the following proposition’s demonstration is similar to those
used to prove the previous proposition.

Proposition 17 Let a; b; v 2 X, 0� k� dða; vÞ and 0� j� dðb; vÞ. If a 62 bv
!

and b 62 av!, then
dðavk; bvjÞ� dða; bÞ þ jk� jj:
From the previous propositions we obtain the following corollary.

Corollary 18 If a; b; v 2 X, 0� k� dða; vÞ and 0� j� dðb; vÞ, then dðavk; bvjÞ� dða; bÞ þ jk� jj:
Theorem 19 Let X be a tree. Then the map r : F2ðXÞ ! F1ðXÞ, given by rðAÞ ¼ PMðAÞf g is 4�Lipschitz.

Proof Let A;B 2 F2ðXÞ. Note that HðA; rðAÞÞ ¼ dðAÞ
2
: For the proof of this theorem we consider three

cases:
Case I. If jAj ¼ 1 ¼ jBj. Then HðrðAÞ; rðBÞÞ ¼ HðA;BÞ:
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Case II. If jAj ¼ 2 and jBj ¼ 1. Note that in this case
dðAÞ
2

�HðA;BÞ, thus

HðrðAÞ; rðBÞÞ ¼ HðrðAÞ;BÞ�HðrðAÞ;AÞ þ HðA;BÞ� dðAÞ
2

þ HðA;BÞ� 2HðA;BÞ:
Case III. If jAj ¼ 2 ¼ jBj. We consider the following two subcases:

Subcase a. HðA;BÞ� dðAÞ
2
.

In this case it is true that

HðrðAÞ; rðBÞÞ�HðrðAÞ;AÞ þ HðA;BÞ þ HðB; rðBÞÞ

¼ dðAÞ
2

þ HðA;BÞ þ dðBÞ
2

:

Now we consider the following two situations:
i) If dðBÞ� dðAÞ, it is satisfied that

HðrðAÞ; rðBÞÞ�HðA;BÞ þ dðAÞ�HðA;BÞ þ 2HðA;BÞ ¼ 3HðA;BÞ

ii) If dðBÞ[ dðAÞ, then by Lemma 3 we get

dðBÞ� 2HðA;BÞ þ dðAÞ� 4HðA;BÞ;

and thus

HðrðAÞ; rðBÞÞ� dðAÞ
2

þ HðA;BÞ þ dðBÞ
2

� 4HðA;BÞ:

Subcase b. HðA;BÞ\ dðAÞ
2
.

Let A ¼ a; cf g and B ¼ b; df g, suppose that HðA;BÞ ¼ dða; bÞ, then by Corollary 18 and Lemma 3 we
obtain

HðrðAÞ; rðBÞÞ ¼ dðPMðAÞ;PMðBÞÞ ¼ dðacdðAÞ
2

; bcdðBÞ
2

Þ

� dða; bÞ þ j dðAÞ
2

� dðBÞ
2

j � 2HðA;BÞ:

Therefore, r is a 4�Lipschitz retraction. h

Now we will prove that F2ðXÞ is a Lipschitz retract of F3ðXÞ, for which we require the following results.

Proposition 20 Let a; b; d; e 2 X. If dða; dÞ\ dða;bÞ
2

and dðb; eÞ\ dða;bÞ
2

then PMð d; ef gÞ 2 ab
	!

.

Proof For the proof of this proposition we consider three cases:
Case I. d; e 2 ab

	!
.

If this happens then PMð def gÞ 2 de
!� ab

	!
.

Case II. d 2 ab
	!

but e 62 ab
	!

, or e 2 ab
	!

but d 62 ab
	!

.
Without loss of generality, suppose that d 2 ab

	!
but e 62 ab

	!
. In this situation we consider the following

two subcases:
Subcase a. ab

	! � ae!. Note that PMð d; bf gÞ 2 ab
	!

and since dðb; eÞ\dðb; dÞ then

PMð d; ef gÞ ¼ PMð d; bf gÞedðb;eÞ
2

2 ab
	!

.

Subcase b. ab
	! 6� ae!. In this subcase we have that there exists t 2 ab

	!
such that

dðb; eÞ ¼ dðb; tÞ þ dðt; eÞ. Since dða; bÞ ¼ dða; dÞ þ dðd; tÞ þ dðt; bÞ and dðb; eÞ ¼ dðb; tÞ þ dðt; eÞ, then

dðd; tÞ � dðt; eÞ ¼ dða; bÞ � dða; dÞ � dðb; eÞ[ 0 and so dðd; tÞ[ dðt; eÞ. Since d; t 2 ab
	!

, then

PMð d; ef gÞ ¼ PMð d; tf gÞedðt;eÞ
2

2 at
!� ab

	!
.

Case III. d; e 62 ab
	!

. We consider the following two subcases:
Subcase a. ab

	! � de
!
. By Case II. PMð d; bf gÞ 2 ab

	!
and dðe; bÞ\dða; bÞ� dðd; bÞ, then

PMð d; ef gÞ ¼ PMð d; bf gÞedðb;eÞ
2

2 ab
	!

.

Subcase b. ab
	! 6� de

!
. Let s, t such that dða; dÞ ¼ dða; sÞ þ dðs; dÞ and dðb; eÞ ¼ dðb; tÞ þ dðt; eÞ.

i) If st
!� ab

	!
. Since st

!� de
!
, applying the Subcase a. PMð d; ef gÞ 2 st

!� ab
	!

.
ii)If st

! 6� ab
	!

and ab
	! 6� st

!
. In this situation we have that t 2 ab

	!
or s 2 ab

	!
, without loss of generality

suppose that t 2 ab
	!

. Applying Case II. we have that PMð d; tf gÞ 2 at
!

and since dðt; eÞ\dðt; dÞ then

PMð d; ef gÞ ¼ PMð d; tf gÞedðt;eÞ
2

2 at
!� ab

	!
. h
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Proposition 21 Let x; y; z 2 X be three different points. Then jxy!\ yz!\ xy!j ¼ 1.

Proof Since X does not have simple closed curves we have that the two following things are satisfied:

xy!\ zx! is xf g or an arc contained in xy!, and
xy!\ zy! is yf g or an arc contained in xy!.

Notice that xy!\ zx!¼ xf g and xy!\ zy!¼ yf g cannot happen otherwise we would have a simple closed curve.

• If xy!\ zx!¼ xf g and xy!\ zy! is an arc contained in xy! then xy!\ yz!\ xy!¼ xf g.
• If xy!\ zx! is an arc contained in xy! and xy!\ zy!¼ yf g then xy!\ yz!\ xy!¼ yf g.

• If xy!\ zx! is an arc contained in xy! let’s say vx! and xy!\ zy! is an arc contained in xy! let’s say wy	!, since X
has no simple closed curves then v ¼ w and thus xy!\ yz!\ xy!¼ vf g. h

Proposition 22 Let x; y; z 2 X be three different points. If dðx; yÞ� dðx; zÞ and dðx; yÞ� dðy; zÞ then

z
PMð x;yf gÞ
dðx;yÞ
2

2 zv!, where v is the point that guarantees the previous proposition.

Proof Let z0 ¼ z
PMð x;yf gÞ
dðx;yÞ
2

. For the proof of this proposition, we consider the following two cases: Case I.
v ¼ x or v ¼ y. Without loss of generality, suppose that v ¼ x. Notice that z 62 xy! and since

dðz; z0Þ\dðz; xÞ\dðz;PMð x; yf gÞÞ, then z0 2 zx!.
Case II. If v 6¼ x and v 6¼ y. In this case we note that dðz; z0Þ ¼ dðx;yÞ

2
� max dðx; vÞ; dðv; yÞf g� dðv; zÞ and

therefore z0 2 zv!. h

Theorem 23 Let X be a tree and r : F3ðXÞ ! F2ðXÞ given by

rðAÞ ¼ PM a; bf gð Þ; cPM a;bf gð Þ
dðAÞ
2

� �
if jAj ¼ 3;

A if jAj\3;

8
<

: ð7Þ

where A ¼ a; b; cf g and a, b are such that dðAÞ ¼ dða; bÞ. Then r is 4-Lipschitz.

Proof Let A;B 2 F3ðXÞ. Notice that HðA; rðAÞÞ ¼ dðAÞ
2

: We consider the following three cases:
Case I. If jAj\3 and jBj\3, then HðrðAÞ; rðBÞÞ ¼ HðA;BÞ:
Case II. If jAj ¼ 3 and jBj\3, notice that

dðAÞ
2

�HðA;BÞ, then
HðrðAÞ; rðBÞÞ� 2HðA;BÞ;

its proof is identical to Case II. of Theorem 19.
Case III. If jAj ¼ 3 ¼ jBj. We consider the following two subcases:
Subcase a. If HðA;BÞ� dðAÞ

2
then HðrðAÞ; rðBÞÞ� 4HðA;BÞ, the proof is identical to Subcase a. of Case

III. of Theorem 19.
Subcase b. HðA;BÞ\ dðAÞ

2
. Suppose that B ¼ d; e; ff g such that dða; dÞ\ dðAÞ

2
, dðb; eÞ\ dðAÞ

2
and

dðc; f Þ\ dðAÞ
2
. Notice that

HðA;BÞ ¼ max dða; dÞ; dðb; eÞ; dðc; f Þf g: ð8Þ

From here we have three situations, dðBÞ ¼ dðd; eÞ; dðBÞ ¼ dðe; f Þ or dðBÞ ¼ dðd; f Þ:
If dðBÞ ¼ dðd; eÞ. Let c0 ¼ c

PMð a;bf gÞ
dðAÞ
2

and f 0 ¼ f
PMð d;ef gÞ
dðBÞ
2

. Note that in this situation

HðrðAÞ; rðBÞÞ� max dðPMð a; bf gÞ;PMð d; ef gÞÞ; dðc0; f 0Þf g: ð9Þ

On the other hand, by Proposition 20 we have that PMð d; ef gÞ 2 ab
	!

and thus

dðPMð a; bf gÞ;PMð d; ef gÞÞ ¼ d abdðAÞ
2

; dbdðbÞ
2


 �
, then by (8), Corollary 18 and Lemma 3 we have that
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dðPMð a; bf gÞ;PMð d; ef gÞÞ� dða; dÞ þ
���
dðAÞ � dðBÞ

2

���� 2HðA;BÞ: ð10Þ

Now we will prove that dðc0; f 0Þ � 2HðA;BÞ, for this purpose we consider the following two situations:

(a) ab
	! � ac! or ab

	! � bc
!
. Without loss of generality suppose that the first happens, then by Corollary

18, (8) and Lemma 3 we have that

dðc0; f 0Þ ¼ dðcadðAÞ
2

; f adðBÞ
2

Þ� dðc; f Þ þ
���
dðAÞ � dðBÞ

2

���� 2HðA;BÞ: ð11Þ

(b) ab
	! 6� ac! and ab

	! 6� bc
!
. Let v ¼ ab

	!\ bc
!\ ac!: Since PMð a; bf gÞ;PMð d; ef gÞ 2 ab

	!
, then we have

the following two options:

i. PMð a; bf gÞ;PMð d; ef gÞ 2 va! or PMð a; bf gÞ;PMð d; ef gÞ 2 vb
!
. Without loss of generality

suppose that the first happens, then dðc0; f 0Þ ¼ dðcadðAÞ
2

; f adðBÞ
2

Þ, thus by Corollary 18, (8) and Lemma

3 we obtain

dðc0; f 0Þ � dðc; f Þ þ j dðAÞ � dðBÞ
2

j � 2HðA;BÞ: ð12Þ

ii. (PMð a; bf gÞ 2 av! and PMð d; ef gÞ 2 vb
!
) or (PMð a; bf gÞ 2 vb

!
and PMð d; ef gÞ 2 av!). Without loss of

generality suppose that the first happens. Note that in this situation v 2 be
!
. Thus, by Proposition

22 we have that c0 2 cv! and f 0 2 fv
!
, which implies that dðc0; f 0Þ ¼ dðcvdðAÞ

2

; f vdðBÞ
2

Þ. By Corollary 18,

(8) and Lemma 3 we have that

dðc0; f 0Þ � dðc; f Þ þ j dðAÞ � dðBÞ
2

j � 2HðA;BÞ: ð13Þ

Therefore, (9), (10), (11), (12) and (13) imply in this situation that HðrðAÞ; rðBÞÞ� 2HðA;BÞ:
If dðBÞ ¼ dðe; f Þ. Let d0 ¼ d

PMð e;ff gÞ
dðBÞ
2

and c0 be as in the previous situation. Notice that in this situation

HðrðAÞ; rðBÞÞ� max dðPMð a; bf gÞ; d0Þ; dðc0;PMð e; ff gÞf g ð14Þ

By Proposition 20 we have that PMð e; ff gÞ 2 bc
!
. We consider the following two possibilities:

(a) ab
	! � ac! or ab

	! � bc
!
. Without loss of generality, suppose that the first thing happens. Since

PMð e; ff gÞ 2 bc
!

we get

dðd0;PMð a; bf gÞÞ ¼ dðdcdðBÞ
2

; acdðAÞ
2

Þ:

Using Corollary 18, (8) and Lemma 3 we obtain

dðd0;PMð a; bf gÞÞ� dða; bÞ þ
���
dðAÞ � dðBÞ

2

���� 2HðA;BÞ: ð15Þ

On the other hand, since c0 2 cb
!

and PMð e; ff gÞ 2 bc
!
, then dðc0;PMð e; ff gÞÞ ¼ dðcbdðAÞ

2

; f bdðBÞ
2

Þ by Corollary
18, (8) and Lemma 3 we have

dðc0;PMð e; ff gÞÞ� dðc; f Þ þ
���
dðAÞ � dðBÞ

2

���� 2HðA;BÞ: ð16Þ

(b) ab
	! 6� ac! and ab

	! 6� bc
!
. Let v ¼ ab

	!\ bc
!\ ac!. By Proposition 22 we have that c0 2 cv! and since

PMð e; ff gÞ 2 bc
!

then PMð e; ff gÞ 2 cv! or PMð e; ff gÞ 2 vb
!
. Hence, in any case

dðc0;PMð e; ff gÞÞ ¼ dðcbdðAÞ
2

; f bdðBÞ
2

Þ, by Corollary 18, (8), and Lemma 3 we obtain

dðc0;PMð e; ff gÞÞ� dðc; f Þ þ
���
dðAÞ � dðBÞ

2

���� 2HðA;BÞ: ð17Þ

On the other hand, since PMð a; bf gÞ 2 ab
	!

;PMð e; ff gÞ 2 cb
!
, then we have the following options:

PMð a; bf gÞ 2 va! and PMð e; ff gÞ 2 vc!.
PMð a; bf gÞ 2 va! and PMð e; ff gÞ 2 vb

!
.
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PMð a; bf gÞ 2 vb
!

and PMð e; ff gÞ 2 vc!.
PMð a; bf gÞ 2 vb

!
and PMð e; ff gÞ 2 vb

!
.

Notice that in the four options dðPMð a; bf gÞ; d0Þ ¼ dðabdðAÞ
2

; dbdðBÞ
2

Þ. Thus, using Corollary 18, (8) and

Lemma 3 we have that

dðPMð a; bf gÞ; d0Þ � dða; bÞ þ
���
dðAÞ � dðBÞ

2

���� 2HðA;BÞ: ð18Þ

Therefore, (14), (15), (16), (17) and (18) imply in this situation that HðrðAÞ; rðBÞÞ� 2HðA;BÞ:
If dðBÞ ¼ dðd; f Þ. Observe that in this situation only ab

	! 6� ac! and ab
	! 6� bc

!
are satisfied, where it is true

that HðrðAÞ; rðBÞÞ� 2HðA;BÞ, which proof is analogous to that of possibility (b) from 2.

Therefore, from the Subcase b, we obtain that HðrðAÞ; rðBÞÞ� 2HðA;BÞ: Concluding, thus, the proof of

theorem. h

Note that theorems 19 and 23 improve the Lipschitz constant for the case of m-ods.

Corollary 24 If X is a tree, then F1ðXÞ is a 16-Lipschitz retract of F3ðXÞ.
Recently in [2, Corollary 5.2, p. 8] it is shown that Lipschitz constants must depend on n whenever X is a
metric space that admits Lipschitz retraction onto a line segment. Note that in a m -od or even a tree these
conditions are satisfied, so we have the following problem.

Problem 25 Improve the Lipschitz constant of theorems 10, 19 and 23, as well as corollaries 11 and 24.

On the other hand, the main result of [3] guarantees the existence of a Lipschitz retraction of FnðXÞ onto
Fn�1ðXÞ for n� 2, when X is an Hadamard space, in particular for trees with path metric. So, in relation to
theorems 19 and 23, the following problem is interesting

Problem 26 Give an explicit Lipchitz retraction r : FnðXÞ ! FkðXÞ (i.e, that r(A) only depends on A, for
every A 2 FnðXÞ), where X a tree, n� 4 and n[ k� 1.
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