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Abstract Given a continuum X and a positive integer n, F,,(X) denotes the hyperspace of non-empty subsets
of X with at most n elements, endowed with the Hausdorff metric. In this article, given X a simple m-od, we
prove that F,_{(X) is a (6n+ 1) - Lipschitz retract of F,(X) for every n>2, and that F,_;(X) is a 4-
Lipschitz retract of F,(X) for X a tree and n = 2, 3.
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1 Introduction

A continuum is a non degenerated compact connected metric space. Given n € N, the n-fold symmetric
product of a continuum X, F,(X), is defined as the space of non-empty subsets of cardinality at most n,
endowed with the Hausdorff metric. The symmetric products were introduced by K. Borsuk and S. Ulam in
[4].

A map f:(X,dx) — (Y,dy) is called Lipschitz if there is a real number L >0, such that
dy(f(a),f (b)) < Ldx(a,b). A subset Y of a continuum X is a Lipschitz retract of X if there exists a Lipschitz
map r: X — Y that fixes Y pointwise. Notice that F;(X) C F2(X) C F3(X) C ---. L. V. Kovalev proposed
the following interesting problem in [7, Problem 4.1, p. 806]:

Problem 1 Characterize the metric spaces X such that F;(X) is a Lipschitz retract of F,(X) whenever
k<n.

In general there are no retractions r : F,,(X) — Fi(X) (with 1 <k <n), for example if X is the circle S'itis
known that F,(X) is homeomorphic to the Mobius band, see [2, p. 887], where F(S') could be identified
with its border, also R. Bott in [5] proved that F3(X) is homeomorphic to the 3-sphere, S*. However, F| (Sl)

Communicated by Gadadhar Misra.

E. Castafieda-Alvarado (<) - F. Orozco-Zitli - M. A. Reyes-Quiroz

Facultad de Ciencias, Instituto Literario No. 100, Universidad Autonoma del Estado de México, Colonia Centro Toluca,
Mexico, Estado de México C.P. 50000, México

E-mail: eca@uaemex.mx

F. Orozco-Zitli
E-mail: forozco@uaemex.mx

M. A. Reyes-Quiroz
E-mail: mreyesq093 @alumno.uaemex.mx

Published online: 14 June 2021
@ Springer


http://orcid.org/0000-0002-4393-2348
http://crossmark.crossref.org/dialog/?doi=10.1007/s13226-021-00045-4&amp;domain=pdf
https://doi.org/10.1007/s13226-021-00045-4

E. Castafieda-Alvarado et al.

is embedded in the form of a trefoil knot in F 3(81) as shown by J. Mostovoy in [10]. In a positive way, L. V.
Kovalev in [7, Lemma 4.2, p. 806] showed that for any connected and non-empty subset X of the real line,
there exists r : F,,(X) — Fi(X) a Lipschitz retraction. In [3] and [6], Lipschitz retractions are studied in
symmetric products of Hadamard spaces and [8] on Hilbert spaces of finite and infinite dimensions.
Recently, in [1] Lipschitz retractions are studied in symmetric products of normed spaces, in particular E.
Akofor in [1, Theorem 3.18, p.7] proved that for a normed space X there exists a 731-Lipschitz retraction
r: F3(X) — Fz(X)

In Section 3 of this article we prove that for every n>2, F,,_;(X) is a (6n + 1)-Lipschitz retract of F,,(X)
for X a simple m-od, and in Section 4 we prove that if X is a tree then F,_;(X) is a 4-Lipschitz retract of
F,(X) for n = 2,3. At the end of this paper, some problems are proposed that remain open.

2 Preliminaries

Given a continuum X with metric d, a € X, A C X and ¢ > 0. B;(a, ¢) denotes the open ball of radio ¢ with
center in a and we define

By(A,¢e) = U By(a,¢),

acA

dist(a,A) = min{d(a,b) : b € A}.
Let n € N. We consider

F,(X)={ACX:1<|A|<n}
with the Hausdorff metric given by

H(A,B) =inf{¢ > 0:A C By(B,¢) and B C By(A,¢)}

= i B i A
max{rg&xdlst(a, ),rzleatg(dlst(b, )}

for any A, B € F,(X). A finite graph is a continuum that can be written as the union of a finite number of
arcs, which we will call edges, say ey, e, . . .,e,, such that ¢; intersects e; only on one or both end points, to
i,je{l,...,n} with i #j.

A tree is a finite graph without subspaces homeomorphic to the circle S'. Given m € N, a simple m-od is
a tree with m edges ey, es, ..., e,, such that ¢; Ne; = v for any i # j and v a fixed point. Let A € F,(X). If
|A| = n, we define 6(A) = min{d(a,b) : a,b € A,a # b} otherwise §(A) = 0. The following lemma is easy
to verify.

Lemma 2 Let (X, d) be a metric space and A,B € F,(X). If a € A then there is b € B such that
d(a,b) <H(A,B). Moreover, dist(a,B) <H(A, B).

Note that the previous lemma is valid if A and B are elements of the hyperspace of closed subsets of X. The
next lemma shows that the function ¢ : F,,(X) — [0, 00) is Lipschitz.

Lemma 3 Let (X, d) be a metric space. If A,B € F,(X), then |6(A) — d(B)| <2H(A,B)

Proof To prove this lemma we consider two cases:

Case L If 6(A) = 6(B), then |6(A) — 6(B)| =0<2H(A, B).

Case II. If 6(A) # 6(B). Suppose that A = {ay,...,a,} and B = {by,...,b,}. Without loss of generality
we can assume that 5(A) > 6(B). Let by and b, such that 6(B) = d(by,b,), in case 6(B) = 0, we consider
by = by. By Lemma 2 we have that there exists a;,a; € A such that

d(by,a1) <H(A,B) and d(by,a;) <H(A,B). (1)
For the other hand

d(ay,ay) <d(ai,by) +d(b1,by) +d(bs,ar). (2)
So, by (1) and (2) we obtain,
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d(ay,az) —d(b1,by) <2H(A,B). (3)
Similarly,
d(b1,by) —d(a1,a;) <2H(A,B). (4)
Therefore by (3) and (4),
| 6(A) = 0(B) | < | d(by,b2) —d(ar,a) | <2H(A,B).

The lemma is demonstrated. O

3 Simple m-ods

In this section we prove that for any simple m-od it is satisfied that its k-th symmetric product is a Lipschitz
retract of its n-th symmetric product for 1 <k <n.
Let m € N, in this section we consider a simple m-od, X, defined in the following way

X:On
i=1

where Ty = {(x1,0,...,0) e R":0<x; <1} and T;={(0,...,x%,...,0) € R": —1<x,<0} for

k=2,...,m. We consider X with the given metric by d(x,y)= Z |x; —y;| for any
i=1
X = (x17 .- '7xm)7y = (yh .. aym) €X.

For each i =1,...,m, m; : R" — R denotes the i-th projection given by m;((xy,...,x,)) = x;. Given
a,b € T; we say that a <b if and only if 7;(a) < 7;(b). Given A € F,(X), foreach i = 1,.. ., m; suppose that
ANT; =A{t},...0.} with j_ <ti forj=2,....r.

For each a € A we define @' in the following way:

o If acT, then a= tjl for some Jje{l,...n}k thus
1 m
a = (,}.1) - <max{o,nl(¢;) - (Zr, +j>5(A)},0,...,O>.
=2
o If acT, for i#£1 then a=1 for some je{l,...,rn}, thus

d:(@L:@,”mm%Qm@y+@—ﬁﬂAﬁpﬂﬁ)

Proposition 4 Ifa € T| thend € Ty and d’ <a.
Proof Since a € T| then a = tjl for some j € {1,...,r}. For the first part, notice that
0<m(d) = max{O, T (5-1) - (f: " +j>5(A)} <m(y) =m(a) <1,
=2
so a' € Ty. For the second part, since 0 < (a) and
m(a) — <Zm: r +j> 0(A) <mi(a),
=2

then max{O, | (tjl) - (Z vy +j)5(A)} < my(a). Therefore d’ <a. O

Proposition 5 [Ifa € T; for some i € {2,...,m} then a’ € T; U {6} and a<d.
Proof Asa € T;thena = 1, forsomej = 1,...,r;. Thus —1 < m;(#}) <0 and since (n —j)3(A) >0, we have

that m;(#}) < m;(#}) + (n —j)0(A) and since (7)) <O we obtain

—1<m() < ni<(t;)/) - min{o, (1) + (n —j)é(A)} <0
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that is to say, (0,...,—1,...,0) <a<d <0. Therefore a <d' and d’ € T; U {6} O
Proposition 6 Ift]’;l,t]’: € T; for some i € {1,...,m} and for some j € {2,...,r;}, then (1}71>, < (t;)l
Proof We consider two cases:
e Case L. Suppose that i = 1. By definition of 6(A) we obtain

T (t};l) +0(A)<m (t]’)
thus,

(i l+g-1> 3(A) = m (i) + 8(4) - (inﬂ')ém)

=2

Then,

nl((tj’;l)') = max{O, nl(tj’;l) — <i n+ (- 1)) 5(A)}

=2

< max{O ) tj’ (Z Ty +J> } = ”1((f;)/)~
Therefore (1/_,)" < (#})".

e Case II. Suppose that i € {2,...,m}. By definition of d(A) we have that
71 (1) + 5(A) <mi (1),
then
)+ (n—j+1)0(A) = m(f_)) + 0(A) + (n — j)d(A)
<n(t;) + (n—j)o(A).
Therefore (1_,)" < (1})". O

Proposition 7 If ¢,d € A are such that 6(A) = d(c,d), then ¢’ =d'.

Proof We consider the following three cases:
Case I. If ¢,d € T) then ¢ =1} | and d = 1} for some j € {2 ri}.
Since 6(A) = d(c,d), we have that 7, (1] ;) + 6(A) = m (1), thus

m

mi(il ) + 8(A) — (Z r,+j> 5(A) = mi (1)) — (Z r,+j> 3(A)

1=2 =2
as 0(A) — (Z i +j>5(A) = (Z r+(j— 1))5(A), we obtain
m(t ) — <z’”: r+ (- 1)>5(A) =m(y) - (zm: r +j> S(A).

Thus
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ml() —max{o mlt (ZH G-1) ) @A >}
:max{O,m(tjl) - (i 1 +j>5(A)} = ﬁl((tjl:)/)-

=2

Therefore ¢’ = (¢_)) = () = d'.
Case IL If ¢,d € T; for some i € {2,...,m}, then ¢ = ti, and d =1 for some j € {2,...,r;}. Since
d(A) = d(c,d), we have that m;(#]_) + J(A ) = m;(t}), then

mi(6;1) + 0(A) + (n = /)8(A) = m(t)) + (n — /)3(A).
As 6(A) + (n —j)o(A) = (n—j+ 1)0(A) we obtain
i(fy) + (n— (= 1)3(A) = mi(5) + (n — j)d(A).
Thus

mi((1,)) =max{0,m () — (n— (i = 1))5(4)}
:mm{Qm@)—M—ﬁﬂM}:nﬂ@ﬂn

And in this case it is also concluded that ¢’ = (#_,)" = ( j) =d.

CaselIl. c€ T,,d € T, with u # v and u,v € {J 1,...m}. We consider the following two subcases:

Subcase 1. ¢ € T} or d € T;. Without loss of generahty suppose that ¢ € T}, then ¢ = tl for some
j€A{l,...,r}. Notice that

0(A) = d(c,d) = d(mi(c),0) +d(0,m,(d)), (5)
thus 71 (c) — 3(A) < 11 (¢) — d(m(c), 0) = 0.

As e (Z / +J> ) <m(e) - 3(A),

then 7y (c) — (f: r +j> 0(A) <0. Hence
max{O,nl(c) — (i r +j>5(A)} =0.

=2

Thus ¢’ = 0.
Subcase IL. ¢ € T; or d € T; for some i € {2,...,m}. Without loss of generality suppose that d € T;, thus
d= t} for some j = 1,...,r;. By (5) we have that
0 = n;(d) + d(mi(d), 0)
<m(d) +d(ni(d),0) + d(0, mi(c))
= 7i(d) + 0(A) <mi(d) + (n —j)o(A).

Thus,
min{0, 7;(d) + (n — j)6(A)} =0
that is, ' = 0.
Therefore ¢ = d'. O

Lemma 8 [fA = {ai,...,an} € F,(X) then
max{d(ay,a;) : k € {1,...,m}} <nd(A)

Proof To prove this lemma we require the following cases: Case L If |A| <n. By definition we have that
0(A) =0 and a4 = aj, for each k € {1,...,m}. So

max{d(ar,a;) : k € {1,...,m}} =0<nd(A).
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Case IL If |A| = n. We consider the following two subcases:

o If g, €Ty then a, = t].l for some j € {1,...,r}, by Proposition 4 we have that aj <a, and since

i:rl—l—jgn
=2

d(ag,ay) < ’nl(t;) - <7T1 (fjl) - (Zm: r +j> 5(A)> ‘

=2

o If a €T, for some i € {2,...,m}, then a = ! for some j € {1,...,r;}. Hence,

dlax, ) < |mi(r) = (m() + (1 = )o(4))|
= (n—j)5(A)
<no(A).
Thus the lemma is demonstrated. O
Now, for n >2 we define the map r: F,(X) — F,_;(X) given by:
{d\,...,d)} if |[A|=n,
r(A) = (6)
A if |A|<n.
By the propositions 4, 5, 6 and 7 we have that r is well defined. Next we will show an important property of
the map r that will be very useful in order to prove the main theorem of this section.
Lemma 9 [fA = {ai,...,an} € F,(X) then
H(A,r(A)) < max{d(ax,a;) : k € {1,...,m}}.
Proof For the proof of this lemma we consider two cases: Case L If |A| <n, by definition we have that
r(A) = A, so
H(A,r(A)) = 0< max{d(a,a;) : k € {1,...,m}}.
Case IL If [A| = n.
Since
H(A,r(A)) = max{maxdist(a, r(A)), max dist(a',A)},

acA a'er(A)
it is enough to demonstrate the following two things:

i) maxges dist(a, r(A)) < max{d(a,a,) : k € {1,...,m}}, and
il) maxyeq) dist(a’,A) < maxqd(a,a)) : k € {1,...,m}

To show i), given q; € A with j € {1,...,n}, we have that
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dist(a;, r(A)) = min{d(a;,a})|a, € r(A)}
<d(a;,d))
< max{d(ay,a)lk =1,...,n}.
Similarly to prove ii), let a; € r(A) with j € {1,...,n}, then we have that
dist(aj,A) = min{d(aj'-,a)\a € A}
<d(aj,a;)
< max{d(ay,ap)lk =1,...,n}.
Therefore, if |A| = n we obtain

H(A,r(A)) < max{d(ay,a} )|k =1,...,n}.

Theorem 10 Ler n>2. If X is a simple m-od then F,_|(X) is a Lipschitz retract of F,(X).

Proof It suffices to prove that the retraction r given in (6) is Lipschitz, for which we consider two cases:
Case I. A = B.
Clearly in this case the Lipschitz inequality is satisfied since

H(r(A),r(B)) =0=H(A,B).

Case II. A # B.
In this case, consider the following two subcases:
Subcase 1. 6(A) <2H(A,B). By Lemma 3 we have that

0(B) <|6(B) — 0(A)| + 0(A) <2H(A,B) + 6(A)
<2H(A,B) +2H(A,B) = 4H(A,B).
Thus, also applying lemmas 8 and 9 we obtain
H(r(A),r(B)) <H(r(A),A) + H(A,B) + H(B,r(B))
<ndé(A)+ H(A,B) +ndé(B)
<2nH(A,B) + H(A,B) + 4nH(A, B)
= (6n+ 1)H(A, B).

Subcase II. 6(A) > 2H(A, B).

Under these circumstances notice that o(B) >0, otherwise by Lemma 3 we have that
0(A) = |0(A) — 6(B)| <2H(A,B), which is a contradiction. From the above |A| =n = |B|. Thus, we
suppose that A = {ay,...,a,}, B={by,...,b,} and let e = H(A, B).

Claim a) B N B,(ay) # 0, for each k € {1,...,n}. Indeed, by Lemma 2 we have that there exists b € B
such that d(ay,b) <H(A,B) and thus b € BN By(a).

Claim b) Given j,k € {1,...,n} with k # j, B,(ax) N B,(a;) = (. Indeed, if p € B.(ax) N B,(a;), then
d(ar,p) <H(A,B) and d(aj,p)<H(A,B) and so we have that 2H(A,B)<d(A)<d(ax, a;) <
d(ar,p) +d(p,a;) <2H(A, B), which is not possible. By claims a) and b) for each k € {1,...,n}, there is
a unique s(k) such that by € B;(ar). Also a; and by satisfy the following claim.

Claim c¢) d(a;, b, (k)) <(2n+ 1)H(A, B). For the proof of this claim we consider the following four cases:

Case i) a; € T; for some i € {2,...,m} and by € T;. By propositions 4 and 5 we have that a; <a; and
bfY(k) < by, SO d(a}c,b;(k)) <d(ag, byy)) and since by € B;(ay), then

d(ay, b)) < d(a, byry) <H(A,B)<(2n+ 1)H(A, B).

Case ii) ax, by € T; for some i € {2,...,m}. ' _
In this case we have that ax = #; and byy) = ;. Let p = m;(#) + (n — j)6(A) and g = m;(s}) + (n — j)o(B).
Thus, 7;(a)) = min{0,p} = ’%"" and m;(b},)) = min{0, g} = ”%7'. Then,
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el ) = | 21D~ o D

SO,
2d(a}, b)) = |(p = @)+ (al = Ip)| < Ip — al + llal = .

Since ||g] — |p|| < |p — ¢l, we have Zd(ak,b’(k)) <2|p — ¢q|. So, by Lema 3 we have that
d(ay, byyy) < Imi(t) + (n = ))8(A) = (mi(s)) + (n =)o (B))]
<|mi() — (mi(s)] + (n = j)|5(A) — o(B)|
<H(A,B) + 2nH(A, B)
=(2n+1)H(A,B).

Case iii) a;, by € Th.
In this case we have that a; = ! and bsry =

/.
Letp—nl <Zr1+])5A)andq—n1 (Z”J”)

Hence, 7;(a}) = max{0,p} = ”H"‘ and m;(b},)) = max{0,q} =
Continuing as in Case ii) we obtam d(ay, byy)) < (2n+ 1)H (A,B).

Case iv) a; € T, and by € T, with u,v € {2,...,m} and u # v. By Proposition 4 we have that a; <a;
and by < b;(k), thus

d(ak,b’< ) <d(ay, byw) <H(A,B)<(2n+ 1)H(A, B).

This concludes the proof of Claim c).
Now remember that

H(r(A),r(B)) = max{ max dist(d’, r(B)), max dist(d', r(A))}
a'er(A) b'er(B)

Without loss of generality, suppose that

H(r(A),r(B)) = 01,16151&) dist(d’, r(B)).

Then for some j € {1,...,n},
H(r(A),r(B)) = dist(a; ', r(B))
<d(a, by;)
< maxd(al, bl)
<(2n+ 1)H(A,B)
<(6n+ 1)H(A,B).
Therefore in any case we have that
H(r(A),r(B)) <(6n+ 1)H(A,B).
That is, r is (6n + 1)— Lipschitz. O
By [9, Proposicion 2.1.3, p. 10] we have the following corollary

Corollary 11 Let n>2. If X is a simple m-od, then for all 1 <k<n, Fy(X) is a L-Lipschitz retract of
F.(X), where L= (6n+ 1)(6(n —1)+1)---(6(k+ 1)) + 1).
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4 Trees

Let X be a tree, let’s assume that the metric d in X is the arc length metric. Also, suppose that each edge e; of
X has length one. Given a,b € X, E} denotes the arc that goes from a to b. Given 0 < 1 <d(a, b), we define
a? as the only point in the arc “ab such that d(a,a?) = 7 and we define the midpoint of {a, b}, denoted by
PM({a,b}), as the only point in the arc “ab such that d(a,PM({a,b})) = d(PM({a,b}),b).

Remark 12 Leta,b,c € X. Then ¢ € ab if and only if d(a,b) = d(a,c) + d(c, b).
Proposition 13 Let a,b,v € X and 0< . <d(b,v). If b € av then d(a},b’) = d(a,b).

Proof We consiﬁr two cases:

Case L. b € a;v By Remark 12 d(a},b}) = d(a},b) +d(b,b}) = d(a,b) — A+ . =d(a,b).

Case II. o) € bb}. Since d(a,b)) =d(a,b)+ A, then d(a)y,bvy) =d(a, b)) —d(a,a}) = d(a,b}) — A
=d(a,b). O

Proposition 14 Let a,b,veX, 0<i<d(a,v) and 0<x<d(b,v). If bcav, then
d(a},b)) <d(a,b) + |1 — K.

Proof Notice that if 1 = x, then Proposition 13 give the equality. Now if A # x, let’s consider the
following two c&@s

Case L. b € a’v.

By Remark 12, d(a’,b?) = d(a’,b) + d(b, b’) = d(a,b) — 4 + 1 <d(a,b) + |1 — .

Case II. a; € bv.

i)Ifa) € bvv then d(a}, b)) = d(a,a) — d(a,b) —d(b,b,) = —d(a,b) + . — k <d(a,b) + |1 — K.

—)

ii) If b € a}v, then d(a}, b)) =d(a,b)) —d(a,a}) =d(a,b) +d(b,b)) — d(a,a}) <d(a,b) + |1 — K|

O

—
Proposition 15 Let a,b,v € X, 0< A <d(a,v) and 0<k <d(b,v). If v € ab, then d(a},b)) <d(a,b).
Proof By Remark 12 d(a,b) =d(a,a}) +d(a}, b)) +d(b),b) = . +d(a},b}) + K. So

d(at,b’) = d(a,b) — (A + x) <d(a,b). n 0
Proposition 16 Ler a,b,v€X, 0<A< min{d(a,v),d(b,v)}. If a¢ bv and b & av, then
d(ay,b%) <d(a,b).

Proof Note that if 1 =0 then the equality follows. Suppose that A > 0, let z € @ N by such that if

weEavn by then_) wv C zv. We consider the following three cases:

Case L. a) € bv and D!, € av. _

Without loss of generahty, suppose that d(a,z) < ( z). Let d’ € bv such that ) = d}. Note that
d(d',b)<d(a,b), thus by Proposmon 13 d(a},b}) = d(d',v)<d(a,b).

Case II. a) € by and b, ¢ av.

The Justlﬁcatlon in this case is analogous to the one in Case I.

Case III. ) ¢ bv and b) & av.

In this case, note that aj = d; and b} = b, so by Proposition 15, d(a},b}) <d(a,b). d

The proof of the cases that are considered in the following proposition’s demonstration is similar to those
used to prove the previous proposition.

Proposition 17 Let a,b,ve X, 0<1<d(a,v) and 0<x<d(b,v). If a¢ bv and b & av, then
d(a}, b)) <d(a,b)+ |1 — k.
From the previous propositions we obtain the following corollary.

Corollary 18 Ifa,b,v € X, 0< A <d(a,v) and 0 <1 <d(b,v), then d(a’,b") <d(a,b) + |1 — K|.

YK

Theorem 19 Let X be a tree. Then the map r : F>(X) — Fi(X), given by r(A) = {PM(A)} is 4—Lipschitz.

Proof Let A,B € F>(X). Note that H(A,r(A)) = <A> . For the proof of this theorem we consider three
cases:
Case L. If [A| = 1 = |B|. Then H(r(A),r(B)) = H(A, B).

@ Springer




E. Castafieda-Alvarado et al.

Case II. If |A| =2 and |B|=1. Note that in this case @ <H(A,B), thus
H(r(4), r(B)) = H(r(A), B) <H(r(A),A) + H(A, B) < °{) + H(A,B) <2H(A, B).
Case IIL. If |A| =2 :J . We consider the following two subcases:

Subcase a. H(A,B) > T'

In this case it is true . that
H(r(A),r(B)) <H(r(A),A) + H(A,B) + H(B,r(B
_o@)

Now we consider the following two situations:
i) If 0(B) <J(A), it is satisfied that

H(r(A),7(B)) <H(A,B) + 3(A) <H(A, B) + 2H(A, B) = 3H(A, B)
ii) If 6(B) > J(A), then by Lemma 3 we get
0(B)<2H(A,B) + 6(A) <4H(A,B),

and thus

Subcase b. H(A, B) < @.
Let A = {a,c} and B = {b,d}, suppose that H(A, B) = d(a, b), then by Corollary 18 and Lemma 3 we
obtain

H(r(4), r(B)) = d(PM(A), PM(B)) = d(aS,. i)
5(A)  (B)
2 2

Therefore, r is a 4—Lipschitz retraction. O

<d(a,b) +| | <2H(A, B).

Now we will prove that F,(X) is a Lipschitz retract of F5(X), for which we require the following results.
P ogs (a b) d(a,b) —
roposition 20 Let a,b,d,e € X. If d(a,d) < and d(b,e) < =5 then PM({d,e}) € ab.

Proof  For the proof of this proposition we consider three cases:

Casel. d,ec ab.

If this happens then PM({de}) € de C a ab .

CaseIl.d € ab bute ¢ ab,orec ab but d ¢ ab . N

Without loss of generality, suppose that d € ab but e ¢ ab . In this situation we consider the following
two subcases:

N — .
Subcase a. ab C aé. Note that PM({d,b}) € ab and since d(b,e)<d(b,d) then

PM({d, }) = PM({d.b} )i € ab.

Subcase b. ab ¢ aé. In this subcase we have that there exists & ab  such that
d(b,e) =d(b,t) +d(t,e). Since d(a,b) =d(a,d)+d(d,t)+d(t,b) and d(b,e) =d(b,t) +d(t,e), then
d(d,t) —d(t,e) =d(a,b) —d(a,d) —d(b,e) >0 and so d(d,t) >d(t,e). Since d,t¢€ ‘b, then

N —
PM({d,e}) = PM({d,t})iw € ai C ab .
Case III. d, e g@f. We consider the following two subcases:
Subcase a. ab C de. By Case II. PM({d,b}) € ab and d(e,b)<d(a,b)<d(d,b), then
PM({d,e}) = PM({d b})dbe € ab.

Subcase b_)ab o4 de Let s, t such that d(a,d) = d(a,s) + d(s,d) and , d(b,e) =d(b,t) +d(t,e).
i) If st C ab. Sln&st Ce de applying the Subcase a. PM({d,e}) € st C ab.
ii)If 's7 ¢ ab and ab ¢ 7. In this situation we have that r € ab or s € ab without loss of generality

suppose that 7 € ab . Applying Case II. we have that PM({d,t}) € af and since d(t,e)<d(t,d) then
PM({d,e}) = PM({d,1})5 € ai C ab . 0
2
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Proposition 21 Let x,y,z € X be three different points. Then |xy N yZ NXy| = 1.
Proof Since X does not have simple closed curves we have that the two following things are satisfied:

Xy NzxX is {x} or an arc contained in xy, and
Xy Nzy is {y} or an arc contained in xy.

Notice that xy N zX = {x} and xy N zy = {y} cannot happen otherwise we would have a simple closed curve.

e If xyNz¥ = {x} and Xy N zy is an arc contained in xy then xy N yZ N xy = {x}.
e If xy N zX is an arc contained in xy and xy N zy = {y} then xy N yZ N xy = {y}.

e If Xy N Z¥ is an arc contained in xy let’s say vX and Xy N Zy is an arc contained in Xy let’s say Wy , since X
has no simple closed curves then v = w and thus xy N yz N xy = {v}. O

Proposition 22 Let x,y,z € X be three different points. If d(x,y) <d(x,z) and d(x,y) <d(y,z) then
PM({x.y})

d(x.y)
2

€ 7V, where v is the point that guarantees the previous proposition.

x) M) | For the proof of this proposition, we consider the following two cases: Case L.
v=x or v=y. Without loss of generality, suppose that v =x. Notice that z ¢ Xy and since
d(z,7) <d(z,x) <d(z, PM({x,y})), then 7' € ZX.

CaseIL If v ;é x and v # y. In this case we note that d(z,7) = ( Y < max{d(x,v),d(v,y)} <d(v,z) and
therefore 7' € zv. O

Theorem 23 Let X be a tree and r : F3(X) — F,(X) given by

Proof Let7 = =z

{PM({a,b}),c%[({”’b})} if |A| = 3, o
A if |A| <3,

r(A) =

where A = {a,b,c} and a, b are such that 6(A) = d(a b) Then r is 4-Lipschitz.

Proof Let A,B € F3(X). Notice that H(A r(A)) = 2
Case L. If |A|<3 and |B| <3, then H(r(A), rg )=
Case IL If |[A| =3 and |B| <3, notlce that 22 < H( A then
2H

H(r(A), r(B)) < (A,B),

its proof is identical to Case II. of Theorem 19.
Case IIL If |A| =3 = |B$ We consider the following two subcases:
Subcase a. If H(A, B) > ( ) then H (r(A),r(B)) <4H(A, B), the proof is identical to Subcase a. of Case
III. of Theorem 19. ‘ i ‘
Subcase b H(A,B)< ()(;). Suppose that B = {d,e,f} such that d(a,d)< @, d(b,e)< @ and
d(c,f) < 22 Notice that

We con51der the following three cases:

H(A,B) = max{d(a,d),d(b,e),d(c,f)}. (8)
From here we have three situations, 6(B) = d(d,e), 0o(B) =d(e,f) ord(B) =d(d,f).
If 6(B) = d(d, e). Let ¢’ = oy M{tab)) and f = fm ({4e}) Note that in this situation
H(r(A), r(B)) < max{d(PM({a,b}), PM({d.e})).d(c'.{')}. ©)
On the other hand, by Proposition 20 we have that PM({d,e}) € ab and thus
d(PM({a,b}),PM({d,e})) = ( df,},,) then by (8), Corollary 18 and Lemma 3 we have that
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6(A) — 6(B)
2
Now we will prove that d(c,f’) <2H(A, B), for this purpose we consider the following two situations:

d(PM({a,b}),PM({d,e})) <d(a,d) + <2H(A,B). (10)

— N — — . .
(@) ab Cacor ab C bc. Without loss of generality suppose that the first happens, then by Corollary
18, (8) and Lemma 3 we have that

5(A) — 6(B)

d(c.f') = d(ciw.filn) <d(c.f) + 5 <2H(A,B). (11)
2
(b) ab ¢ a¢ and ab ¢ be. Let v= ab NbcNac. Since PM({a,b}),PM({d,e}) € ‘ab , then we have

the following two options:

i. PM({a,b}),PM({d,e}) € vd or PM({a b}),PM ({d e}) € vb. Without loss of generality
suppose that the first happens, then d(c’, ) = d(c5, ) ) thus by Corollary 18, (8) and Lemma

3 we obtain

d(c'.f) <d(c,f) + 'M' <2H(A,B). (12)

ii. (PM({a,b}) € av and PM({d,e}) € vb) or (PM({a,b}) € vb and PM({d, e}) € av). Without loss of
generality suppose that the first happens. Note that in this situation v € be. Thus, by Proposition
22 we have that ¢’ € ¢v and f/ € f_v), which implies that d(c’, f") = d(c}u),fis)- By Corollary 18,
(8) and Lemma 3 we have that C
() — o(B)

d(e ) d(ef) + |25

Therefore, (9), (10), (11), (12) and g13) imply in this situation that H(r(A), r(B)) <2H(A,B).
If 6(B) =d(e.f). Let d' = and ¢’ be as in the previous situation. Notice that in this situation

H(V(A) (B)) < max{d(PM({a,b}),d'),d(c’, PM({e,f})} (14)

| <2H(A,B). (13)

By Proposition 20 we have that PM({e,f}) € bc. We consider the following two possibilities:

(@) ab Cac or ab C bc. Without loss of generality, suppose that the first thing happens. Since
M({e,f}) € be we get
d(d',PM({a,b})) = d(d5w, d5).
2

2

Using Corollary 18, (8) and Lemma 3 we obtain
d(d', PM({a,b})) <d(a,b) + ]w‘ <2H(A,B). (15)

On the other hand, since ¢’ € cb and PM({e,f}) € be, then d(c,PM({e,f})) = (cf(A>, ) by Corollary
18, (8) and Lemma 3 we have

e (e, ) <die. )+ | " 0B | <omia ) 19

(b) ab ¢ aé and ab ¢ be. Let v = ab N be Nad. By Proposition 22 we have that ¢’ € & and since

— N — .
PM({e,f}) € bc then PM({e,f})ecv or PM({ef}) €vb. Hence, in any case
d(c',PM({e,f})) = d(c%,,fLs), by Corollary 18, (8), and Lemma 3 we obtain

2 T2

d(c',PM({e,f})) <d(c,f) + w

—_— —
On the other hand, since PM({a,b}) € ab ,PM({e,f}) € cb, then we have the following options:

PM({a,b}) € va and PM({e,f}) € ¥C.
PM({a,b}) € vd and PM({e,f}) € vb.

<2H(A,B). (17)
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PM({a,b}) € vb and PM({e,f}) € 7.

=

PM({a,b}) € vb and PM({e,f}) € vb.

Notice that in the four options d(PM({a,b}),d') = d(a,,d%,). Thus, using Corollary 18, (8) and
Lemma 3 we have that :

2]

2

6(A) — 4(B)
2
Therefore, (14), (15), (16), (17) and (18) imply in this situation that H(r(A),r(B)) <2H(A, B).

If 6(B) = d(d,f). Observe that in this situation only ab ¢ ac and ab (o4 be are satisfied, where it is true
that H(r(A),r(B)) <2H(A, B), which proof is analogous to that of possibility (b) from 2.

Therefore, from the Subcase b, we obtain that H(r(A),r(B)) <2H(A, B). Concluding, thus, the proof of
theorem. B
Note that theorems 19 and 23 improve the Lipschitz constant for the case of m-ods.

Corollary 24 If X is a tree, then F1(X) is a 16-Lipschitz retract of F3(X).

d(PM({a,b}),d") <d(a,b) + <2H(A,B). (18)

Recently in [2, Corollary 5.2, p. 8] it is shown that Lipschitz constants must depend on n whenever X is a
metric space that admits Lipschitz retraction onto a line segment. Note that in a m -od or even a tree these
conditions are satisfied, so we have the following problem.

Problem 25 Improve the Lipschitz constant of theorems 10, 19 and 23, as well as corollaries 11 and 24.

On the other hand, the main result of [3] guarantees the existence of a Lipschitz retraction of F,(X) onto
F,—1(X) for n >2, when X is an Hadamard space, in particular for trees with path metric. So, in relation to
theorems 19 and 23, the following problem is interesting

Problem 26 Give an explicit Lipchitz retraction r : F,,(X) — Fx(X) (i.e, that r(A) only depends on A, for
every A € F,(X)), where X a tree, n >4 and n > k> 1.
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